Introduction
* This report will address the effect of a " bump <in the turbulence spectrum on the propagation of a laser beam. The motivation for this work is as follows: In conventi )nal treatments on the effect of turbulence on laser propagation, it is usually assumed that the turbulence can be described by a spectral density which represents a cascade of energy from long wavelength modes down to shorter wavelength modes. The most common assumption is that of the Kolmogorov model, where in the "inertial' ¢ range of the spectrum (between a minimum wavenumber kLo and maximum wavenumber ki 0 , corresponding to the maximum size Lo and minimum size lo of the turbulent eddies) the spectral density decreases as k -( 3 d+2)/3 (in d dimensions). In some media however, a source for injecting energy into the turbulent spectrum at a particular discrete wavelength (or over a range of wavelengths) may be present: for example, this is the case in a turbulent plasma where an instability may be growing over a range of wavelengths. The presence of such an energy source will thus produce a "bump" in the turbulence spectrum,, as shown schematically in Fig.1 . As we shall see below, the spectrum can then be viewed as this "bumpesuperimposed upon the background natural cascade: that is, the spectrum can be analyzed as the sum of a cascade spectrum and the "bump"'spectrum, and the effects of each on the propagation of the beam can thus be analyzed separately. ' --This report is organized as follows. In Section 2 we will briefly review the mathematical formalism that will be used to analyze the statistical features of the effect of turbulence on laser propagation. In Section 3, this formalism will be applied to the case where the turbulence is described by a spectral density which is a "bump" at some finite wave number kb. Section 3.2 will treat the idealized (but analytically tractable) case where the "bump" is a b-function; the effect of a "bump" of finite width is studied numerically in Section 3.3. Finally, the superposition of a "bump" on a cascade-type spectrum is considered in Section 3.4. One important conclusion which results from this study is that in three dimensions, even if the amplitude of the "bump" component of the spectrum is much smaller than the amplitude of the cascade component (for example, by ten orders of magnitude), if the scalelength of the turbulence represented by the "bump" is much smaller than the scalelengt] of the cascade turbulence (say four orders of magnitude smaller), then almost all *f the power in the spectrum is due to the "bump" component. Furthermore, in t.s case, the effects of the turbulence on the beam are in effect determined by the "bump" component, and the existence of the cascade component (which may represent turbulence at very large scalelengths) can be ignored.
0
-,-log k Figure 1 . Example of a turbulence spectrum with a "bump" superimposed on a cascade. 2 
Preliminaries
In this Section we will briefly review the mathematical constructions required to analyze the statistical effects of a turbulent medium on the propagation of a laser beam. For simplicity, we will assume that the problem is two-dimensional: the beam (with wavenumber k 0 ) is taken to be propagating in the z-direction, with a transverse beam profile O(x) on the x-axis. The extension of mathematical expressions to three dimensions is straightforward, and the main results are not changed. Furthermore, we shall assume throughout this article that the laser wavelength A = 27r/ko is much shorter than any scalelength of variation of the medium (i.e., the minimum size l0 of the turbulent eddies) so that we are working in the eikonal (or WKB) regime.
If the disturbance of the beam due to the turbulent medium is small over a propagation distance z, the beam can be thought of as a bundle of rays propagating roughly parallel to the z-direction. The phase shift 0 along a ray propagating at the trans- 
In this expression, 0 is the phase shift induced by a single realization of the turbulence, characterized by 6N.
Turbulence and Phase Correlation Functions
A statistical analysis of the effect of the turbulence on beam propagation is based on averages of characteristic quantities (such as this phase shift) over an ensemble of realizations of the turbulence. Denoting this average by the angle brackets (-), we assume that the turbulent fluctuations have zero mean, (N(x, z)) = 0, so that the mean phase shift from (1) also vanishes. The correlation function of the phase is defined as
Here we have assumed that the turbulence is isotropic and homogeneous: the refractive index correlation function RN depends only the the spatial separation of the two points (x, z') and (x', z"). In this case, the phase correlation function depends only on the separation Ix -x'I on the transverse x-axis (and the propagation distance z). Because of this assumption, this expression can be simplified: changing variables s, = X' -x, sz = z11 -z', it can be recast as
The area in (z', s,)-space over which the integral is to be performed is shown in Fig.2a: here, the integral in the se-direction is to be performed with z' fixed, and then z' is varied. Changing this order of integration requires changing the limits of integration: holding s, fixed, first integrate z' from -s. to z (for s, < 0), or from 0 to z -SZ (for s, > 0), and then vary s, from -z to z (see Fig.2b ).
R,(IsI;z) = k ds,
The integrals over z' can now be performed; then letting sz --+ -s, in the first integral, the two integrals can be combined to give
We note that this is an exact expression for the relationship between the correlation function R, of the wave phase and the correlation function RN of the refractive index fluctuations, based only on the definition (1) for the phase shift. In practice, however, RN typically decays to zero over some correlation distance L 0 (often called the outer scale of the turbulence), and this distance is much less than the propagation distance of interest (L 0 < z). In this case, the maximum value of s, that contributes to the integral (for fixed s,) is about L 0 , so that z -s, -z is a very good approximation. Taking this term outside the integral then, we have Rk(Is.,I; z) 2k OF ds RN ( .
(6)
where the same approximation allows us to extend the limit of integration to infinity.
Turbulence and Phase Spectral Densities
The spectral density of a homogeneous, isotropic random process (such as the turbulent index of refraction or the induced phase shift of the laser beam) is defined as the Fourier transform of the correlation function. For the two-dimensional turbulence we have
SN(kx, k_)
Jds, ds, RN Since the turbulence is homogeneous and isotropic in physical space, it is isotropic in k-space as well. The inverse of (7) is similar:
In practice, the spectral density is often the more fundamental quantity in the sense that a turbulence model is typically specified by postulating the form of the spectral density SN. One reason for this is that it can be shown that the spectral density of a physically realizable random process must be non-negative. Thus, specifying a model for the correlation function RN may produce by construction (7) a spectral density which does not satisfy this criterion; beginning with a form for SN avoids this problem, and the correlation function can then be constructed from (8).
The spectral density associated with the one-dimensional phase correlation function is defined by
Note that since the phase fluctuations are a one-dimensional random process (in this two-dimensional propagation model), the Fourier transforms in (9) are onedimensional (as opposed to those in (7,8) for the two-dimensional random process of the refractive index fluctuations).
Since the phase correlation function and refractive index correlation function are related by (5), a relation between their associated spectral densities can also be found. This is most easily achieved by introducing the first line of (8) into (2) to obtain
The integrals over z' and z" can be performed giving 2 This expression could be obtained beginning with (5) as well. The interpretation of (12) is that the spectral density of the phase fluctuations on the transverse x-axis is just the spectral density of the two-dimensional refractive index fluctuations projected onto the x-axis, but filtered so that only turbulent perturbations with wavelengths in the direction of propagation (the z-direction) comparable to the propagation distance z contribute. Two observations are immediate. First, if the spectral density of the turbulence SN is non-negative (as it must be to describe a physically realizable random process), then (12) clearly shows that the phase spectrum Sb is non-negative (note that this relation follows exactly irom the premise (1) for the wave phase shift). This fact is extremely important in practice, where-the so-called phase-screen method is often used to numerically propagate the laser beam through a turbulent medium. In that method, the wave is propagated as though in a uniform non-turbulent medium a distance z between "phase-shifting screens" which represent the effect of the turbulence; on each "screen", the wave O(x) is modulated by a factor exp(io(x; z)), where O(x; z) is a random phase function. The phase function 0(x; z) is generated by first constructing its Fourier transform 0(k,; z) from a Gaussian random distribution with variance S¢(k,) at each kx, and then transforming this into x-space. It is straightforward to show that this method will produce the correct phase statistics (i.e., the specified spectral density and correlation function of the phase) over an ensemble of a large number of phase screens. This method therefore inherently requires that S¢(k,) be non-negative, since its value at each k, is used as the variance of a probability distribution. As we have seen above, this quality is guaranteed by first specifying the spectral density SN of the refractive index fluctuations to be non-negative, and then constructing So. from (12).
The integral in (12) presents no particular problem for numerical computation, and in fact should be quite easy to evaluate in most cases of interest since the "filter function" [sinkzz/2/(ksz/2)] 2 falls off rapidly (its first zero is at k, = 27r/z). Our second observation, however, is that if SN is slowly varying in the vicinity of kz = 0 (for all k.) then (12) can be approximated by setting k. = 0 in the argument of SN and performing the integral only over the "filter function" to obtain
Again we see that S > 0 if SN is. The only requirement for (13) to hold is that SN varies slowly in the ks-direction in the vicinity k.z/2 < 7r for all values of k,; thus, only wavelengths in the direction of propagation comparable to z are admitted, and their contribution is approximated by a flat distribution at the k, = 0 value. It is furthermore quite simple to show that while the inverse Fourier transform of the exact relation (12) yields (5) (as expected), the inverse transform of the approximate relation (13) produces the approximation (6); thus, the approximations leading to both (6) and (13) from (5) and (12), respectively, are consistent.
As a final note, one can relate the level of the phase fluctuations to the level of the refractive index fluctuations. These quantities (which havc been _ssumed to be independent of location) are defined as
(02)
Using (8) and (9), the value of either correlation function RN or RO at the origin given by an integral over the associated spectral density. Thus, using the approximate form (13) we have
The one-dimensional integral over SN defines the integral scalelength fi of the turbulence.
Average Intensity
We conclude this Section with a discussion of the effect of a random medium (characterized by a spectral density for the refractive index fluctuations) on the intensity profile of a laser beam. In the absence of turbulence (or other effects of the medium, such as thermal blooming), a coherent beam of initial radius r 0 will spread due to natural diffraction according to
where LR = k 0 ro is called the Rayleigh length of the beam." This spreading can be viewed as the coherent interference of a bundle of rays propagating within ?n angle *This -xpression is for two-dimensional propagation (in three dimensions, the factor of 1/4 becomes unity). In this way, LR is the same in both two and three dimensions, for a given initial radius (or half-width) r 0 (defined by (26) in both cases); the difference then is that in two dimensions the width will louble in a distance z = V-2DLR, while in three dimensiops the area will double at, z = LR. i 0 = k±/ko -(koro) -of the z-axis, where the transverse wavenumber k± is inversely proportional to the initial beam radius. In a turbulent medium, however, we see from (1) that the phase along each ray develops a random component depending on its path through the randomly fluctuating index of refraction. Thus, if the level of the refractive index fluctuations is large enough, or the propagation distance long enough (so that the phase fluctuations are large enough), the effects of these random phase shifts in the the interference of the rays will begin to be seen. Two major effects are a loss of transverse beam coherence, and beam broadening due to the turbulence. The loss of coherence is manifested by a loss of smoothness in the transverse intensity profile; the intensity develops "spikes" so that it appears to have broken up into smaller-diameter "b-amlets". Beam broadening can be thought of either as the result of a non-coherent, mostly forward scattering of the rays off of the turbulent refractive index fluctuations, or as a result of the more rapid natural broadening of the smallerdiameter beamlets (with smaller Rayleigh lengths) produced by the loss of coherence.
Due to the randomness in the turbulence, it is impossible to predict the evolution of the laser intensity profile as it propagates through a single realization of the turbulence. However, over many realizations of the turbulence governed by a spectral density SN (or, over many laser shots through an ever-fluctuating medium), predictions can be made regarding the average behavior of the beam intensity and its characteristics (such as its width or coherence length). For example, a prediction for the ensemble-averaged wave intensity (I(x,z)) (I/(x, z)1 2 ) can be derived' based on a modified Huygens principle: 
=A(S;Z)
It can be shown' that if the random phase shift O(x, z) is a Gaussian random variable at each x, then the turbulence modulation correlation function becomes
where (02) is the level of the phase fluctuations (16) and R,(s) is the phase correlation function. We note that since MT(O; z) = 1, the total power in the beam (i.e., the integral of (18) over x) remains constant as it propagates in z. Note that in the absence of turbulence ((02) = 0), MT(s; z) is unity so that (23) in (18) yields the correct expression for the propagation of a Gaussian pulse in vacuum:
I~x~) = r(z)
Furthermore, (24) clearly shows the effect of natural diffraction as stated in (17), with
One use of the expression (18) is to compute the degree of beam broadening due to turbulence. Defining the width r of the beam to be J dk SN(k) tAs in (17), the factor of 1/4 becomes unity in three dimensions, and the length LT is the same in both two and three dimensions for a given radius (or half-width) r 0 .
I
IComparing (27) with (17), we see that if the turbulent broadening length is comparable to or less than the Rayleigh length, then turbulent broadening will dominate that due to natural diffraction, and the beam will broaden much more rapidly with the propagation distance. The relation (18) describes the mean evolution of the laser intensity (averaged over many laser shots through different realizations of the turbulence). An expression can also be derived' for the mean evolution of the wave spectrum,
In the absence of turbulence, MT(s;z) = 1 so that MT(k;z) = 27rb(k); thus we see that, as expected, the wave spectrum from (30) does not change as the wave propagates in vacuum. Scattering of the wave by turbulent fluctuations will produce changes in the spectrum, primarily by causing a shift to larger and larger transverse wavenumbers; this then is the mechanism for a broadening of the wave spectrum due to turbulence. In this Section we will use the mathematical formalism of the preceding Section to analyze the effect of a "bump" in the turbulence spectrum on the propagation of a laser beam.
Discussion of Superposition
We first assume that we are given an isotropic two-dimensional turbulence spectrum SN(k) (depending only on the magnitude of k = k + k) similar to that shown in Fig.l . Such a spectrum can be assumed to be a superposition of a "bump" spectrum S(6 ) on a natural cascade spectrum S( ), or
Since all the expressions involving the spectral density in the preceding Section (such as the Fourier transforms in (7-9) and the relations between the phase and turbulence spectra (12,13)) are linear in the spectral density, it would appear that we could treat each component of the spectrum (Sc) and S()) independently and then linearly superpose the results.
Consider, however, what this means in terms of the numerical phase-screen method. As briefly described in Section 2.2, this method is based on first constructing a random phase shift ¢(k) at each value of k from a Gaussian random probability distribution with the value of SO(k) as the variance. The justification for this comes from the following considerations. From (9) we have (with k,,--+k)
Now performing the Fourier transform over x and x' we obtain
This shows that a homogeneous random process (such as the phase O(x)) is characterized by a Fourier transform qO(k) which is an independent random variable with variance Sj(k) at each k.
Now suppose we have the case as in (32) where the spectrum So (constructed from SN by either of the linear relations (12) or (13)) is
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To consider the effects of each component of the spectrum separately and then superpose the results means that we should be able to separately construct a phase shift 0,(x) (from ko(k) using S(c)(k) as a variance) and a phase shift qb(X) (from Ob(k) using S( b)(k) as a variance) and then add them together for a total phase shift O(x) = O(x) + Ob(X) which has the statistics (over an ensemble of phase screen realizations) of the total spectrum Sj. In k-space this means that (34) must hold with (k) = q$(k) + b(k) and S€, given by (35). Expanding the left-hand side gives
Thus we see that for the effects of each component of the spectrum to be treated separately and then superimposed requires that the cross-correlation of the phase shifts generated by each component of the spectrum vanishes. This means that we must assume much more than simply that the spectrum can be decomposed into the sum of two (or more) components as in (32) or (35) (as any spectrum obviously can be); we must furthermore assume that each component of the spectrum represents an independent random process. Fortunately, for the physical situation we are addressing, each component does represent an independent source of turbulence: s' ) (and hence S ( c ) ) represents a natural cascade of turbulent energy from long to short wavelengths, whereas C ) (and S~b ) ) describe the turbulent energy distribution among modes being driven by an instability.
Analysis of a 6-function "Bump" Component
With the assumption of the statistical independence of the "bump" component of the spectrum, we now proceed to analyze its effect on laser propagation. We begin with an example of the simplest type of "bump" in the turbulence spectrum: a 6-function "spike" at a single wavenumber kb
Here, as we again assume two-dimensional turbulence, k = k + a of 27r/k is appropriate for normalization. This can be seen by inserting (37) into (8) to obtain the corresponding spatial correlation function of the refractive index fluctuations R()(s) = bN2 Jo(kbs) (38) 13 with the level of the fluctuations given by (bN 2 ) = 6N 2 (using (14)).
In order to construct the phase spectrum induced by this turbulent spectrum we Ifirst use the exact relation (12) to find
The integral is trivially computed to give
A plot of S(b) is shown in Fig.3 , where the parameters used are ko = 6.28cm -1 (carrier wavelength of 1cm), z = 10m (propagation distance of 10m), and kb = 6.28m -'
I(fluctuations at 1m wavelength). Although these parameter values are not of interest for laser propagation over long distances, the plot serves to illustrate the general features of this phase spectrum. It is obvious that, as one may have expected, the phase fluctuations are greatest for wavenumbers near, but below kb, the wavenumber of the turbulent fluctuations. For k, = kb, the phase spectrum is singular (as is SN)(k = kb)), while for k. > kb there are no phase fluctuations at all.
Although S is non-negative for all k., it oscillates with increasing frequency as k, approaches kb from below. The zeroes k, of S(b)(k,) are easily determined to be k 2 k 0<n< kbZ (41) which have a separation of approximately Akn ; 4nr2/ (kbz 2 ). Thus, as kbz becomes large, the oscillations in S (b) become more rapid. This has the following consequence:
given kb and z, the value of S(b) at 0 < k < kb can be computed from (40). However, for large kbz (as is our usual case of interest), the value of SP at a fixed k is very sensitive to the value of z. Indeed, changing z by an amount of roughly 27r/kb can change the value of S(b) from a maximum of 8k2bN2/(k2 -kx) 3 / 2 down to zero. In practice, this means that changing a propagation distance of tens to thousands of kilometers by as little as a meter could change the phase fluctuation spectrum at any given wavenumber k, < kb.
The presence of these rapid oscillations in S,( , together with the fact that the phase fluctuations become singular at k, = kb suggest that the only important fluctuations are those at k, = kb. Thus, it appears we are justified in using the approximation (13) for the phase spectrum induced by the S-function "bump" or Even though a singular phase spectrum (such as either (40) or (42)) introduces some degree of difficulty into the numerical phase-screen method (where the value of S(b) is to be used as a variance for a probability distribution), the approximate expression (42) does permit theoretical analysis. Furthermore, we shall see in the next Section that an analysis of the effect of such a "spike", based on the use of (42), is useful in predicting the effect of a narrow but finite "bump" in the turbulence spectrum.
Taking (42) for the phase spectrum, we can trivially compute the phase correlation function to be
Thus, the level of the phase fluctuations induced by the "bump" is
and by (16), the integral scalelength of the turbulence is
where 4 = 27r/kb is the size of the turbulent eddies corresponding to the "bump"
wavenumber kb. As one would expect, the infinitesimally narrow phase spectrum (42) corresponds to a phase correlation function which has infinite range. A realistic "bump" phase spectrum will always have some finite width Ak and will therefore correspond to a correlation function which decays over a distance proportional to (zk)-'; as long as the propagation distance z of interest is much greater than this decay length, we are justified in using the results of this analysis based on (42).
To investigate the effects of such a "bump" on the propagation of a laser beam, we consider the predictions for the ensemble-averaged wave intensity (I(x, z)) and wave spectrum (I(k,z)) given by (18) and (30) of Section 2.3, respectively. We assume that the beam has an initial Gaussian wave profile (as given by (22) Clearly, this result reduces to the vacuum propagation result (25) in the absence of turbulence (since the Bessel functions satisfy Io(O) = 1 and I(0) = 0 for n / 0).
If only the leading term (proportional to I) were present, the mean influence of the turbulence would be just a pure damping (by a factor of JO((q5))) exp(-(0 2))) of the vacuum propagation result (although this would not conserve the beam power). Besides damping the wave intensity near the beam axis (at x = 0), however, the turbulence causes the beam to spread over and above that caused by natural diffraction, and it develops intensity maxima off-axis at the transverse locations ±x," given by
A plot of this result is shown in Fig. 4a , where it is compared with the vacuum propagation profile. For the purpose of illustration, we have chosen the following parameters
(0') = 3.14 = 6No = 2.5 x 10 
the form of (49) permits the trivial evaluation of (30) to give
(1 Again, this result reduces to the vacuum expression (the square of (50)) in the absence of turbulence, and the leading term damps this value in the presence of turbulence. Like the spatial intensity (46), the wave spectrum is also spread by the turbulence, and develops sidebands at harmonics +kn of the turbulence "bump" wavenumber k 6 :
A plot of this result is shown in Fig. 4b , for the same parameters (48). Finally, one can compute from (46) the evolution of the width of the beam as it propagates As defined in (26) we have 
We note that this definition coincides precisely with the definition (28); it is trivial to compute from (37) that the transverse scalelength ft (defined by (29)) is exactly eb, and from (45) we have ii = fb/lr. For the parameters (48) above, LT = 234km while the Rayleigh length is LR = koro = 314km; thus in this case, it is clear that the turbulent broadening dominates over natural diffraction, as borne out by Fig. 4. 
Numerical Simulation for a Gaussian "Bump"
A numerical simulation of propagation through a turbulent medium characterized by the singular spectral density (37) (or corresponding singular phase spectrum (40) or (42)) using the phase-screen technique is difficult in that it utilizes fast Fourier transform methods. Therefore, we have considered a spectral density "bump" of the form
SN(k) -= Kb

-(57)
with the hope that if the width K is small compared with the "bump" wavenumber kb then the results of the previous Section will apply. We therefore assume the following to hold 
where the inverse of the k-space width of the spectral density gives the range (or outer scale) Lo of the spatial correlation function. In the numerical simulations, we will use the values
A plot of S ( b ) with these parameters is shown in Fig. 5a . In the regime (58), the two-dimensional Fourier transform (8) can be approximated analytically to give (60) which is the same as that for the S-function "bump" (38). The exact transform (computed numerically) shown in Fig. 5c behaves like (60) for small s, but is observed 
R( )(s) .. 6UN Jo(kbs)
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to decay much faster than J 0 ; indeed, the correlation function in this case shodld exhibit a much shorter range (-Lo) than the ccrrrelation function corresponding to a 6-function, due to the finite width of the spectral density.
As we have justified in the preceding Sections. we take the spectral density for the phase fluctuaiions to be approximated by (13) This is plotted in Fig. 5d . Again, this form is similar to (43) for the -function spectral density, but now explicitly exhibits a correlation decay over the length L 0 = 27t/ra. 
for Lo > eb. As in the previous Section, we would like to be able to construct the predictions (46) and (51) for the ensemble-averaged wave intensity and wave spectrum for this type of spectral "bump". Even though this is not possible analytically, we can construct these quantities numerically. Furthermore, with the non-singular spectral density (61) we can use the phase-screen method to numerically simulate the propagation of a laser beam through a realization of the turbulence described by (57). Simulating the propagation of a number of shots through an ensemble of realizations of the turbulence and averaging over the final intensities and wave spectra will allow us to check the predictions based on a numerical construction of (Ib(x, z) ) and (lb(k, z)) from (62), as well as the predictions given in the previous Section based on a b-function spectral "bump".
Our numerical results are shown in Fig. 6 . Using the parameters given in (48,59), the intensity of a beam propagated through a single realization of the turbulence is shown in Fig. 6a . The wave intensity clearly shows the effect of the loss of coherence (lue the t urbulence: it has developed "spikes" (or "beamlets") and has spread much more than the vacuum result (shown by the lighter curve). The prediction for the ensemble-averaged intensity (shown by the smooth dark curve) was numerically constructed from (18) using the Gaussian "bump" phase correlation function (62); this prediction compares quite favorably with that shown in Fig. 4a based on the S-function "bump". The wave spectrum after propagation through a single turbulence realization (shown if Fig. 6b ) has clearly developed maxima at harmonics of the "bump" wavenumber kb, and again, the ensemble-average prediction numerically constructed for the Gaussian "bump" case is very similar to the analytical form for the b-function case shown in Fig. 4b. An ensemble average over 100 shots (propagation through 100 realizations of the turbulence, averaged numerically) is shown in Fig. 7 . Now the numerical ensemble average is much smoother than the single-realization result of Fig. 6 (the "spikes" or "beamlets" have been smoothed out by averaging, as to be expected), but the effect of the turbulence producing increased beam spreading is still evident. However, it is also interesting that the off-axis intensity maxima, as predicted by both the 6-function and Gaussian "bump" model for the ensemble-averaged intensity, do not appear in the actual numerical results. The numerical ensemble-average does spread just as predicted, but the result appears to wash out the off-axis maxima with a sort of average behavior. The wave spectrum, on the other hand, very closely matches the prediction for maxima at harmonics of the "bump" wavenumber kb.
The discrepency between the numerical and predicted results can be explained as follows: The prediction (18) is based on a theoretical analysis of a single phase-screen step. That is, one can write down a closed-form expression for the final intensity (say, at z = 1000km as in our example) as if it were propagated in vacuum for the first half of the distance (i.e., 500km), multiplied by a random phase function exp(i(x; z)) which accounts for the turbulence over the entire distance of propagation z, and then propagated in vacuum the remaining distance (another 500km). Another prediction could be generated by first multiplying by the random phase function (at z = 0) and then propagating in vacuum the entire distance (z = 1000km). This latter analysis would have produced an expression for the predicted ensemble-averaged intensity (I(x, z)) similar to that in (18), except for the factor of 1/2 in the argument of MT would be unity. Using this alternative prediction in the S-function "bump" analysis of Section 3.2 would yield off-axis intensity maxima at x, = nkbz/ko (i.e., at ±10, ±20... meters for our parameters), instead of at x, = nkb(z/2)/ko (±5, ±10... meters) as in (47). Of course, in order to conserve beam power, the intensity at each of these maxima would be lower since the profile is more spread out. With this "initial" phase-screen approach, however, the expression (30) for the wave spectrum is unchanged; thus, the wave spectrum produced by "bump" turbulence develops maxima at harmonics of the "bump" wavenumber in both analyses. The interpretation is quite clear then: a single application of the phase-screen representing a spectral U bump at k = kb (irregardless of where it is placed) will cause the wave spectrum to develop peaks at harmonics ±kn = ±nkb. This can be thought of as a scattering of rays to a transverse wavenumber of kn; these rays then propagate with an angle , = kn/ko = nkb/ko to the z-axis. Now, if the phase-screen is applied at the midpoint (z/2), then the transverse distance reached by these rays is xn = Onz/2 = nkbz/(2ko) (producing intensity maxima as predicted by (47)). If the phase-screen is applied at z = 0, however, the rays propagate twice as far at the new angles On; this results in intensity maxima at the more widely spaced locations of xn = nkbz/ko. Naturally, in reality, propagation through turbulence is a continuous process, not accurately modeled by the imposition of a single random phase-shifting screen. Numerically, we simulate the propagation by using a series of intermediate phase-screens, with the idea that as the number of phase-screens increases (with decreasing separation), the more closely the effect of continuous propagation is simulated. Note that since by (16) the level of the phase fluctuations is proportional to the propagation distance z, it is possible to divide the total distance z up into N phase-screen intervals of length z/N (with a level of the phase fluctuations on each screen proportional to z/N) so that the total level of the phase fluctuations remains constant as N is increased. In this way, the influence of the turbulence on the beam (or the scattering of the rays) becomes more gradual. The goal in the numerical phase-screen method then is to find an optimal separation distance for the phase-screens; i.e., we want to minimize the number of phase-screens required (to decrease the computation time) with the property that increasing the number does not significantly change the result. In fact, in the parameter regime we are exploring, we have found that phase-screens separated by about 100km is sufficient, with (according to (48)) a phase fluctuation level of about (02) -0.3 on each phase-screen; that is the number used in the simulation results reported in this article.
So now the discrepancy between the simulation results and the predicted ensembleaveraged intensity is clear: at each of the ten phase-screens (located at zi), rays are scattered to angles 0n = nkb/ko, thence to propagate the remaining distance z -zi and produce an intensity peak at (z -zi)O,, = (z -zi)nkb/ko. Since there are ten values of zi, there are ten intensity peaks associated with each value of n: this effectively smears out the off-axis intensity maxima. If the number of phase-screens were increased (i.e., more closely approximating the actual physical propagation), the initensity peaks would become more closely spaced, effectively becoming smeared so that indeed no peaks are present. Thus, it appears that using ten phase screens is enough to simulate the true continuous propagation (the smearing appears to be complete). Furthermore, we note that while the prediction for the ensemble-averaged intensity (based on the single mid-point phase-screen analysis) appears to be quite accurate (in a mean sense, averaging out the off-axis intensity maxima which are not physical); indeed, our research has shown that this prediction is much better than one based on a single phase-screen at z = 0. Perhaps more importantly, even though the off-axis intensity maxima do not occur, the prediction for the growth of the beam width in terms of LT (depending on the "bump" parameters ti = fb/7r and ft f b) appears to be borne out by the simulations.
A "Bump" Superimposed on a Cascade
In this Section we will now consider the case of a turbulence spectral density I composed of both a cascade and a "bump" component. We therefore begin with a spectral density SN of the form
for which the level of refractive index fluctuations (or total power) is
Since the effects on beam propagation (such as turbulent broadening) depend on the magnitude of (6N 2 ), it is clear from (66) that increasing the power in the "bump" I component of the spectrum (i.e., increasing (bNb)) while holding the cascade component fixed will cause the beam to be more severely affected by the turbulence. For example, increasing (SN,) (and thus the total (bN 2 )) will, by (16), increase the level of phase fluctuations (02) and, by (28), decrease the turbulent broadening length LT so that the spreading caused by the turbulence will begin to occur over a shorter distance. Furthermore, as (SNW) is increased to levels much higher than (N2), it is reasonable to expect that the effect on the beam will be dominated by the turbulence in the "bump" component. Thus, for (SN) > (SN), the integral and transverse I scalelengths (which also affect both (q 2 ) and LT) will become more representative of the "bump" component; for a Gaussian "bump" as in the preceding Section, we would expect i--4 /17 r and 4t-4eb. In this case then, for a spectral "bump" at large k (or short wavelength) as depicted in Fig. 1 , we would expect these scalelengths to be smaller than if the cascade component were dominant; thus, LT is further decreased and turbulent broadening becomes a more severe effect. Even though we have seen in the previous Section that off-axis intensity maxima (as predicted using the single midpoint phase-screen theory) do not occur, the prediction for the cubic growth of the beam width in terms of LT (depending on the "bump" parameters e', and t) still holds.
In order to directly compare the relative effects of the cascade component S(')N 
I
As mentioned above, if the "bump" component is at larger wavenumber than the cascade (as depicted in Fig. 1 ), then the scalelengths characterizing the "bump" component (such as 4! and 4b) will be smaller than those of the cascade component.
Thus, we see from (68) that as power is transferred into the bump component (q is increased), the phase fluctuations measured by (02) are decreased (for f > 4 ). This i was previously noted by Goldring. 
(t,)2It,
where Lc and L b are defined in terms of the total power (6N 2 ). Therefore we see that if the characteristic scalelength f2lf, of the cascade is greater than that for the "bump", then increasing the power in the "bump" (increasing q) will decrease the broadening length LT.
We have explored this effect numerically using the phase-screen technique to propagate a beam through turbulence described by a composite spectral density such as (65). The "bump" component SN(b) was taken to be the Gaussian "bump" discussed in the previous Section, while the cascade component was modeled by a von Karman spectrum 
N3
With these values, the turbulent broadening length for the pure cascade spec ruin (q = 0) is L' = 330km, while for the pure "bump" spectrum (q = 1 ) it is I b 231km. Thus in this case, we should observe a more pronounced broadening of the beam as energy is transferred from the cascade to the "bump". The beam with the parameters given in (48) was propagated using the phasescreen method as described in previous Sections, with phase-screens located every 100km for a 1000km total propagation distance. We present here the results of numerically averaging over an ensemble of 100 shots through different realizations of the turbulence at fixed q. The numerical ensemble-averaged intensity and wave spectrum are compared with predictions constructed numerically, by (18) and (30), using the actual phase correlation function Rk for each q.
The effect of just the pure cascade spectrum (q = 0) is shown in Fig. 9 . Obviously, the beam has been broadened (in both x-space and k-space) due to the turbulence, but not to the degree that it was broadened by the pure "bump" turbulence (q = 1) as shown in Fig. 7 . This is consistent with LT for the pure cascade being larger than that for the pure "bump" spectrum. Furthermore, the wave spectrum in this case does not exhibit the harmonic structure characterizing that for the "bump" case; this is presumably because the cascade spectrum is centered at k = 0 and is much broader than the "bump" spectrum. Finally, it is apparent that the expressions for the ensemble-averaged intensity (18) and wave spectrum (30), based on a single midpoint phase-screen theory, give very accurate predictions for these quantities.
In Fig. 10 we show the composite spectral densities for q = 0.325, 0.7, and 0.83. These values were chosen because the magnitude of the "bump" component relative to that of the cascade component (i.e., S()(kb)/S')(0)) for these cases is 0.1, 0.5 and 1.0, respectively. The results of propagating through each of these turbulence models are shown in Figs. 11-13 . The trend toward a broader beam as q increases is clear, as predicted above. At q = 0.7, the wave spectrum begins to show the harmonic structure of the pure "bump" case; the prediction for the spatial intensity also begins to develop off-axis maxima, although the numerical propagation results show that these should not be present (as explained in the preceding Section). By q = 0.83, the beam is broadened almost as much as in the pure "bump" case; indeed, by (72), the value of LT is 245km for this case, compared with 234km for the pure "bump". 
I * 3.5 The Effect of a "Bump" in Three Dimensions
Throughout this report we have focused for simplicity on the effects of "bump" turbulence on propagation in two dimensions. Based on the analysis in the previous Section, we will now comment on the effect of a "buni)" superimposed on a cascade spectrum in three dimensions. For the purpose of analytical computation, we take the isotropic cascade spectrum to be a Gaussian
I
S~S~c)(k)
Sk 2 K (77) while the "bump" is also a Gaussian centered at the "bump" wavenumber kb =~(k SO e-(kkb ) 2 
/2K278
In these expressions, k Z 0 is the radius in the three-dimensional k-space. As in the previous Section, the total turbulence spectrum is simply the sum of S( ) and S(')
The total power in each component of the spectrum can be computed to be
which is the three-dimensional analogy of (66). Here we have also made the assumption that the "bump" component is very narrow and located at large wavenumber, kb > Kb (just as in (58)). At this point it is interesting to compare the relative power in the two components:
N~j 2 SbkKb
I2Lb ((81) Consider the case where the "bump" component represents turbulence at a much smaller scalelength than the cascade; for example, let us take the following parameters:
. , 27r/L = 27r/(10km) = 6.28 x 10- + p This is a purely geometric effect of the three-dimensional k-space: while the "bump" is narrow and of much smaller magnitude, it is located at large radius in k-space and thus the k 2 volume factor works to increase the power in the "bump" component. The effect of the "bump" component can now be assessed in terms of the turbulent broadening length LT, using (72). For this we need the characterist"Y scalelengths Together with the value of q = 0.95 for this example, we see that the ratio of the relevant scalelengths is such that the turbulent broadening length (72) is decreased by a factor of almost twenty, from the value Lc characteristic of the cascade component to the value Lb determined by the "bump" component. Thus, in this case where the "bump" component appears to be an insignificant contribution to the total spectrum (as in Fig. 14) , not only does almost all of the power reside in the "bump", but it *completely determines the effects of turbulence on the beam; the "large" cascade component can be ignored. 
3
In this report we have anlayzed the effect of a "bump"-type turbulence spectrum on laser propagation, and we have compared our results with those produced by the standard assumption of a cascade-type spectrum. In general, the effect of narrow "bump" in the turbulence spectrum (at a finite wave number kb) is to generate sidebands in the wave spectrum at multiples ±nkb of the "bump" wavenumber. On average, the spatial broadening of the beam behaves as predicted (by a theory based on a modified Huygens principle) and spreads with the cube of the propagation distance; the characteristic broadening distance LT for this effect decreases as the scalelength of the turbulent eddies b = 27r/kb decreases and as the level of the refractive index fluctuations (N2) increases. On this basis we can conclude that given a cascade spectrum and a "bump" spectrum with the same level of fluctuations (6N 2 ), the spectrum 3 with the smaller characteristic scalelength will have the greater effect on the beam (because LT for that spectrum will be smaller, and hence turbulence effects will be observed over shorter propagation distances). Since by definition a cascade spectrum is dominated by a peak at k = 0 and usually decreases rapidly as some power law at large k (representing a cascade of energy from longer to shorter wavelengths), it is likely that the characteristic scalelength of such a spectrum will usually be larger than that of a "bump" spectrum (which can be at any large wavenumber kb = 27rib); thus, for turbulent spectra of the same strength, the "bump" spectrum would usually have a greater effect on laser propagation.
We have also studied the combined effect of a "bump" component superimposed on a cascade spectrum. One important conclusion which results from this study 3 is that in three dimensions, even if the amplitude of the "bump" component of the spectrum is much smaller than the amplitude of the cascade component (for example, by ten orders of magnitude), if the scalelength of the turbulence represented by the 'bump" is much smaller than the scalelength of the cascade turbulence (say four orders of magnitude smaller), then almost all of the power in the spectrum is due to the "bump" component. Furthermore, in this case, the effects of the turbulence on the beam are in effect determined by the "bump" component, and the existence of the cascade component (which may represent turbulence at very large scalelengths) can be ignored. 40 
